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Novel Approach to Aerodynamic Analysis Using
Analytical/Numerical Matching
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Analytical/numerical matching (ANM) is a hybrid scheme combining a low-resolution global numerical solution
with a high-resolution local solution to form a composite solution. ANM is applied to lifting surfaces in steady po-
tential flow to calculate the aerodynamic loading and associated circulation distribution. The solution methodology
utilizes overlapping smoothed doublets and local corrections to calculate the doublet strength distribution along
the airfoil chord. The global low-resolution solution is calculated numerically using smoothed doublet solutions to
the linear potential equation, and converges quickly. Simultaneous local corrections are done with high-resolution
local analytical solutions. The global numerical solution is asymptotically matched to the local analytical solutions
via a matching solution. The matching solution cancels the global solution in the near field, and cancels the local
solution in the far field. The method is very robust, offering insensitivity to control-point location. No explicit wake
geometry is assumed; therefore, a fixed- or free-wake model can be used. ANM provides high-resolution calcu-
lations from low resolution numerics with analytical corrections, while avoiding the subtlety involving singular
integral equations, and their numerical implementation. The approach provides a novel alternative treatment to

lifting-surface aerodynamics.

Introduction

ANEL methods,! or singularity methods, are a cornerstone of

modern aerodynamic analysis. These methods construct aero-
dynamic flowfields from the superposition of simpler building-block
solutions of the governing equations distributed over the body sur-
faces. The appropriate strengths of these elementary solutions are
determined by the application of surface boundary conditions. Panel
methods are used to analyze compressible, steady and unsteady,
potential flow over wings and bodies for a variety of applications
including performance, loads analysis, acroelasticity, vibration, in-
teractional and interference effects, and acoustics.

Although these methods have been in use for a number of years,
and have been the subject of much research and refinement, they
can possess significant shortcomings. Zero-thickness lifting-surface
methods can be sensitive to the location of the control points at which
the boundary conditions are applied. Certain rules, such as the well-
known ;-3 chord rule for vortex lattice, must be strictly adhered to
or incorrect answers will result.? Panels must be of regular shape
and arrangement, partly because of this sensitivity. Problems may
arise when panel sizes or orientations vary rapidly, when panels also
must be compatible with a separate grid for structural analysis, and
when other surfaces or wakes are in close proximity. The analysis
of free wakes by these methods poses a particular problem because
wake motion leads to irregular distortion of the constituent panels,
and their proximity and orientation relative to other panels on aero-
dynamics surfaces is difficult to anticipate. Some of these problems
have been addressed with higher-order panel techniques®* only in
the context of steady aerodynamics, however.

Finally, there are other difficulties and subtleties associated with
the numerical implementation of zero-thickness lifting-surface met-
hods. These methods are the numerical embodiment of a singular
integral equation having a kernel function whose discretization is
open to interpretation, leading to possible ambiguity in the meaning
of computed results. For an extensive review of panel methods, the
reader may wish to consult the review papers of Erickson, Johnson,’
Margason,® and Landahl and Stark.’
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Given the many years of research focused on singularity meth-
ods, it should be stressed that the present research involves a novel
and innovative reformulation of the fundamental approach to sin-
gularity methods, with the goal of alleviating some of the short-
comings and difficulties associated with them. The basis for this re-
formulation is a new analysis technique called analytical/numerical
matching (ANM). The method is applied to lifting surfaces in both
two- and three-dimensional steady potential flow to calculate the
aerodynamic loading.

ANM

ANM is a hybrid technique that combines analytical and nu-
merical solutions by a matching procedure. ANM allows a global
low-resolution numerical solution and a local high-resolution ana-
lytical solution to be combined formally by asymptotic matching to
construct an accurate composite solution. Both the numerical and
the analytical solutions are simpler and more easily obtained than
the solution of the original problem, and the overall solution proce-
dure is accurate and computationally efficient. The ANM approach
provides a high degree of spatial resolution in local areas without
great computational burden.

ANM is a general analysis method originally developed by D. B.
Bliss for application to problems in vortex dynamics and rotor-
craft free-wake analysis.*~!! Recently, ANM has been applied to
problems involving acoustic radiation and structural-acoustic scat-
tering from fluid-loaded structures with discontinuities. In all of
these cases, accurate solutions were obtained with significant re-
ductions in computational cost. The present work involves further
development of ANM and its application to wing aerodynamics.

In ANM, an artificial smoothing of the physical problem is intro-
duced. The smoothing length scale must be smaller than the large
length scales in the problem, but larger than the scale of numeri-
cal discretization. Because the smoothing length scale is larger than
the scale associated with the numerical discretization, the numerical
solution of the smoothed problem is very accurate. However, the ac-
tual problem has a physical length scale smaller than the numerical
discretization. The local region associated with the small scale is
solved separately (usually analytically, but sometimes numerically)
as a high-resolution local problem that captures the small scales and
rapid variations. This local problem, because of its idealizations, is
valid only in the local region.

The numerical problem and the local problem are combined by
asymptotic matching to form a composite solution. ANM utilizes a
matching procedure similar to the method of matched asymptotic
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expansions (MAE), but otherwise the methods are different. The
ANM approach requires a matching solution that is similar to the lo-
cal problem, but is solved with the smoothing imposed. The smooth-
ing length scale is the largest scale associated with the local region,
but still small compared to global scales. This scale separation al-
lows these local solutions (high-resolution and matching) to be
solved with simplified geometry. The composite solution then is
given by the low-resolution global numerical solution plus the high-
resolution local solution minus the matching solution, namely:

Composite Soln. = Low Resolution Numerical Soln.
+ High-Resolution Local Soln.
— Smoothed Local Matching Soln.

In the local region, the matching solution subtracts the local error
associated with the smoothed numerical solution, leaving the local
solution. Far from the local region, the local solution and the match-
ing solution cancel, because they become identical beyond the
smoothed region. For the method to work well, the smoothing must
be chosen to achieve a mathematical overlap so that the transition
zone between the local and the numerical solutions is accurate.

The application of ANM to aerodynamics proceeds as follows:
The ANM smoothed global solution is constructed by an over-
lapping distribution of smoothed aerodynamic doublets, shown in
Fig. 1. A smoothed doublet is analogous to the familiar singular
doublet, except that there is a smooth spatial distribution of doublet
strength and they are everywhere nonsingular.

Next, as shown in Fig. 1, the ANM local solution for aerodynam-
icsis constructed from the difference between a high-resolution local
solution based on singular doublets, and a corresponding smoothed
local solution, called the matching solution, based on smoothed dou-
blets. The difference between these solutions cancels far away, be-
cause they have the same far-field behavior. Therefore, the far-field
shape and behavior are unimportant, allowing very simple solution
forms to be used. Appropriate high-resolution local solutions on
surfaces and near edges can be found by separation of variables, or
by integrals over singular doublet distributions of infinite or semi-
infinite extent. Matching solutions can found by integration over
corresponding smoothed doublet distributions, or by a special vari-
able separation technique combined with an equivalent singularity
displacement method called the split-sheet analogy.

The ANM composite solution is formed from the low-resolution
global solution, plus the high-resolution local solution, minus the
low-resolution local matching solution. At a point of evaluation on
the surface, the global solution provides the correct far field, but its
near-field contribution is smoothed. Subtracting the matching so-
lution removes the local smoothing effect of the global solution,
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Fig.1 Schematic representation of the ANM solution methodology for
aerodynamics.

and adding the high-resolution local solution provides the local
fine structure. The high-resolution local solution and the match-
ing solution cancel in the far field, leaving the global contribution,
When done properly, the final answer is independent of the degree
of smoothing over a wide range of smoothing length-scale values.
This independence demonstrates that a region of solution overlap
has been achieved.

Problem Formulation

Governing Equations

Panel methods use a surface singularity distribution to solve the
linear potential flow equation for an arbitrary geometry. The use of
the velocity potential for inviscid, irrotational flow reduces the prob-
lem to the solution of an integral equation for a scalar function on a
two-dimensional surface. For the case of subsonic incompressible
flow, the governing equation is linear without further approximation.

The governing equation for incompressible flow is Laplace’s
equation!? and can be written in rectangular coordinates as

% 8% 3%

bk ST I |
0xz  9y? 072 M

In general, Eq. (1) can be transformed in the Prandtl-Glauert equa-
tion,'? which governs linearized, compressible, steady potential flow
through the Géthert transformation.'? The difficulty, however, is that
the Neumann boundary condition in the transformed space does not
correspond to the normal component of the velocity in the physical
space.

Using the appropriate form of Green’s theorem,'? the solution to
Eq. (1), in integral form, can be found as' 415
vspace*-2pt
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where r = |X, — X|. Equation (2) gives ¢(p) in terms of a distri-
bution of simple sources and doublets along the boundary S;, + S,,,
where b denotes body, w denotes wake, p is the point of evaluation,
and o, and p, are the source and doublet strengths, respectively.
The doublet orientation is specified positive aligned with the z axis,
such that in the double source limit is taken with the source above the
sink. Most recent methods are based on some form of this equation.®

The Neumann boundary condition is satisfied at the surface,
where the specified normal velocity v, must be equal to the ve-
locity induced by the integrated surface distribution of monopoles
and doublets, found by taking the derivative of Eq. (2) normal to the
surface S;,. The monopole source term is not always required, and
valid solutions can be composed with only doublet distributions.'¢
In fact, this is the case for the aerodynamic lifting problem without
thickness, where a continuous normal velocity across the boundary
is desired. Taking the normal derivative of Eq. (2), it then can be
written without the monopole source term as

s = (G LT G)le) o

for p on S, + S,,. Equation (3) is a homogeneous Fredholm integral
equation of the first kind, relating the unknown doublet strength dis-
tribution on S, to the specified normal velocity on S,. The doublet
strength distribution in the wake can be explicitly determined from
the doublet strength distribution along the body surface S;,. Typi-
cally, following the Kutta condition, the wake strength is convected
from the trailing edge, thereby ensuring finite velocities at the trail-
ing edge. The wake is a material surface in the fluid and cannot
support a finite pressure jump. Therefore, the doublet strength in
the wake must be set such that there is no pressure jump across the
wake surface.

In general, a numerical method is created when the surface is
discretely approximated by a contiguous set of small elements or
panels. Computational panels are formed by integrating the singu-
larity distribution with a parameterized strength dependence over
a small subdomain. Typically, the panels are quadrilaterals, and on
each element, a collocation point is identified. In most cases, the col-
location point must be at a specific location on the computational
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element. The singularity strength can be constant over the panel
or vary in some higher-order fashion. In general, the higher-order
methods are more robust.>>* Collocation point positioning can be
critical for lower-order methods, where the proper positioning is
needed to correctly model the Kutta condition at the trailing edge.
In practice, the Kutta condition is implemented by attaching the
wake to the trailing edge, evaluating the wake strength from g, the
doublet strength at the trailing edge panel, and convecting p,. in the
wake with the local freestream velocity. The integral equation and
the boundary conditions are evaluated at the collocation points, thus
giving rise to a set of algebraic equations for the unknown singularity
strength p, based on the discrete approximation of Eq. (3):

dp 1

<8n )k yoe % Akl )
and wake

The influence coefficients Ay; only depend on the body and wake

geometry and therefore are fixed for rigid body motion and a pre-

scribed wake geometry.

The theory behind the numerical implementation of the Kutta
condition, although incomplete, is more complex and subtle than
practice would suggest.!” In their 1969 paper on the doublet lat-
tice method, Albano and Rodden'® said, “Furthermore, the Kutta
condition has not been imposed. However, from numerical experi-
mentation with this technique, it has become apparent that the Kutta
condition will be satisfied when each downwash point is at the %
chord point at midspan of a box.” To date, all zero-thickness lifting-
surface methods, such as vortex lattice methods, must invoke some
sort of -2 chord placement rule per panel to satisfy the Kutta
condition. The solution to the aerodynamic problem is not unique;
there are any number of different solutions, each corresponding to
the amount of circulation specified. The Kutta condition is satisfied
by assigning the proper amount of circulation needed for the flow to
leave from the trailing edge. Fixing collocation point placement ef-
fectively sets circulation. Therefore, control-point/influence-point
»ositioning can be critical to zero-thickness lifting-surface meth-
uds. An important feature of the method described in this paper is
its insensitivity to collocation point location.

Smoothed Doublets

Before proceeding to develop the ANM method for lifting-surface
theory, the smoothed doublet, which is the basic building block of the
method, is described. The concept of smoothing singularities has its
roots in the field of computational vortex dynamics.*~!!1° Because
of the singular nature of many types of numerical vortex elements,
instabilities occur in the solution process and can adversely affect
numerical results. To address this problem, smoothing functions
and convolution integrals have been introduced to help remove the
nonphysical large gradients from the problem, thereby encouraging
convergent solutions 8~10.20-22

The following discussion describes the development of smoothed
doublets as a natural extension of the concepts used in computational
vortex dynamics. A distribution of doublets can be shown mathe-
matically to be equivalent to distributions of vortices. The ideas
developed in this section can be extended to include the fundamen-
tal solutions of both the acoustic wave equation® and the convective
wave equation.?

A smoothed doublet is analogous to the familiar singular potential
doublet, except that there is a spatial distribution of doublet strength
density.?> Smoothed doublets, sketched in Figs. 1 and 2, are nonsin-
gular everywhere, and, away from the distribution region, they have
the same behavior as an equivalent singular doublet with the same
aggregate strength. Please note, that Figs. 1 and 2 are for illustration
purposes only, and in fact, the smoothed doublet exhibits a far more
complex shape than that sketched in the figures. Smoothed doublets
can be constructed from singular doublets by a simple transforma-
tion of the radial variable,

R Ro=\Jx— 2+ (=2 + e~ 0212

where r, is an additional smoothing length scale. This construc-
tion can be done so that a velocity potential exists.2> Overlapping
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Fig.2 Building blocks of the ANM solution.

discrete smoothed doublets have been shown to approximate a con-
tinuous distribution accurately. In three dimensions, the potential
for a smoothed doublet can be written

Pdoubletymoom — —(u/4) (R/R?) cosf (5
where u is the net doublet strength and 8 is the angle between the
doublet orientation vector and the vector between the field point
at (x, y, z) and doublet origin at (£, n, {). The associated velocity
field can be found by differentiation. In Cartesian coordinates, for a
doublet at the origin oriented in the &, direction, this gives
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where the partial derivative was taken with respect to z.

Equations (5) and (6) are smooth functions, and no longer sin-
gular. There is a smooth spatial distribution of doublet strength
concentrated about the origin. As a result, the potential or veloc-
ity approaches a constant value as r — 0. Note, however, that as
r gets large, namely r > r,, the values tend quickly toward the
potential value without smoothing. In the limit when r. — 0, the
nonsmoothed potential and velocity are recovered. The smoothed
functions can be interpreted as convolutions of the nonsmooth sin-
gular results with a suitable smoothing function.’ Note that the
radial smoothing used is fully self-consistent, and therefore, two-
dimensional results can be simply obtained in closed form by inte-
gration of the three-dimensional results.

The smoothing operation takes a discrete singularity, a doublet
in this case, and replaces it with a continuous distribution having
the same net strength and the same far-field behavior. As a result,
the region over which the singularity is distributed is no longer di-
vergence free, although it is irrotational. The governing equation
is then an inhomogeneous Laplacian equation with a distributed
source/sink distribution on the right-hand side. Because a doublet



2228 BLISS AND EPSTEIN

was smoothed to make this distribution, the distributed terms look
like a source distribution above the axis and a sink distribution be-
low. However, this distribution also can be interpreted as a spatial
distribution of doublets.

When the ANM solution procedure separates the problem into
local and global parts, as illustrated in Fig. 1 and the associated
discussion, the global solution and the Jocal matching solution are
not divergence free, and do not satisfy the homogeneous Laplacian
equation, but rather a Poisson equation (the inhomogeneous Lapla-
cian equation). When the composite solution is constructed for this
linear problem, the distributed source/sink effects from the global
and matching solutions cancel (after all, their equal and opposite
nature was the basis for decomposing the solution in Fig. 1), and
the composite solution does satisfy the homogeneous version of
Laplace’s equation.

This part of the solution procedure, which involves a decompo-
sition by adding and subtracting smoothed singularities, is actually
one of the keys to how the method works. Understanding the role
of smoothing is a subtle point, especially because the smoothing
cancels out in the final answer. This process is one of the real inno-
vations of the ANM method.

ANM Aerodynamics

A distribution of smoothed doublets, as given by Eq. (5), is added
to and subtracted from Eq. (3), with no net change in the equation,
giving

=[]
(S SO
S REEND)

Combining the two integrals in the second term on the right-hand
side and taking the normal derivative gives

sor=n ([ ()]
e O B e P

Notice that the integrand in the second term on the right-hand side
of Eq. (8) becomes negligible when r > r., because R, — r and
the value of the smooth doublet kernel function approaches that of
the singular kernel function, and they asymptotically cancel each
other. The contribution of this integral becomes significant only
when r = O(r,).

On the surface S, + S,,, where v, is specified, there is a small
region S, about p where r = O(r,). Note, however, that most of the
contribution to the integral comes from the region §,, immediately
about p. Therefore, the bounds of integration can be modified such
that the integration is done on any surface Snoq that contains S, ,
without changing the final result.

Because of the local nature of the integral over Sy, @ series
expansion about p can be written for the doublet strength density:

f(Ar)Z~<Ar Vuop) O

k()

Ho(p + Ar) =

~where Ar is the vector change in position on the surface, p is the
vector location of p, and F(Ar) is a weighting function discussed in
the next section. Essentially, F(Ar) is included because the doublet
strength density may be nonanalytical approaching the edges of the
lifting surface. Only the first few terms in the series are necessary;
however, at this point the entire series is retained for completeness.
Substituting the series expression into Eq. (8), and changing the

bounds of integration on the second integral from S, + S, t0 Syoa
gives
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This can then be rewritten as
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@il i the local potential, and in Eq. (12) it is written in terms of
an integral over the surface S$,,,q. This integral represents a family
of simple flow solutions to Laplace’s equation, as shown in Fig. 3,
which can be found by separation of variables. As such, the explicit
integration of Eq. (12) is not required. Eq. (11) is the fundamental in-
tegral equation of the boundary element method. In two dimensions,
Eq. (11) becomes

1 9 A
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Fig.3 Examples of simple flow solutions to Laplace’s equation, corre-
sponding to nonsmoothed linear and quadratic doublet distributions.
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where

3 F o . .
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Again ¢ represents simple flow solutions to Laplace’s equation,
the hat notation denotes two dimensions, I'mee is a contour that
contains I, and the series expansion is taken about p.

Note that, if the point p is not on the surface Sz + S,,, Egs. (11-13)
are integral representations of the normal velocity field, in terms of
the normal velocity field on the surface S, + S,,. If the point p
is on S, Egs. (11-13) become inhomogeneous Fredholm integral
equations of the first kind, relating the known normal velocity v,
to the unknown values of u, on S,, where the values on §,, can
be explicitly determined from the values on S,. At this point, the
advantage of using Egs. (11-13) may not be clear; however, it will
be shown that, because of their smooth nature, these equations are
advantageous for numerical implementation.

Examining the terms in Eq. (11) in greater detail reveals the re-
lationship between the original problem, Eq. (3), and the problem
cast in terms of ANM. The ANM methodology breaks the prob-
lem up into global and local constituent parts. The first term on the
right-hand side of the equation embodies smoothed global effects,
ultimately treated numerically, whereas the second term is a local
correction that can be found analytically.

Figure 1 shows a schematic of the ANM decomposition of the
original linear problem. As a first step, equivalent smoothed sin-
gularity distributions are added to and subtracted from the original
problem, as given in Eq. (7). Because these smoothed distributions
exactly cancel, the net result is unchanged. However, as shown in
Eq. (7), the singularity distributions also can be regrouped. The
first smoothed singularity distribution, the first term on the right-
hand side of Eq. (7), can be viewed as the low-resolution smoothed
global problem, and represented by discrete overlapping smoothed
doublets, given by Eq. (5), as shown in Fig. 1. The second (origi-
nal) distribution and the third (smoothed) distribution can be com-
bined, as in Eq. (8). When this is done, these two distributions al-
ways cancel at points away from the point of evaluation, because
their far-field behavior is the same. Thus, only the local behavior of
these distributions ultimately matters. For convenience, they can be
evaluated as if they are part of an infinite sheet (or a semi-infinite
sheet if near an edge). Using a Taylor-series expansion of the sin-
gularity strength distribution in this local region, Eq. (9), it can be
shown that these local solutions can be expressed in terms of simple
flowfields obtained from the governing equation by separation of
variables.

An interesting feature of the ANM composite solution, given
by Egs. (11-13), is that all of its constituent parts are function-
ally smooth. In fact, it is only vaguely reminiscent of a traditional
panel method. The surface S, + S, of Eq. (3) is no longer dis-
cretely approximated by a contiguous set of panels but rather by
a discrete distribution of overlapping smoothed doublets. There-
fore, the idea of a surface of contiguous panels exists only with
regard to the spacing between adjacent smoothed doublets. The
authors believe that this smoothness leads to accurate, rapidly con-
verging numerics. In addition, the analytical aspects of the problem
are well defined and well behaved. The traditional problems as-
sociated with discretizing a singular integral equation to obtain a
numerical solution are avoided. In contrast to traditional discretized
calculations, there is no ambiguity as to whether local averages or
point values of variables, such as pressure, are being computed on
panels. ANM computes local values of variables, and even handles
singular behavior at edges in a formal manner that allows singu-
larity strength to be determined. Sources of error are quantifiable,
and there is a procedure for extending the method to higher-order
accuracy. The local solutions, because of their nature, satisfy the
Kutta condition regardless of control-point/influence-point posi-
tioning.

ANM Local Correction

The local correction is based on the second term on the right-hand
side of Eq. (11), which represents the difference between a distribu-
tion of conventional doublets and smoothed doublets. The difference

between these distributions cancels far away; therefore, the far-field
shape and behavior are unimportant, allowing for simplification in
the evaluation of the integral. The domain of integration only needs
to be geometrically correct immediately about p. In particular, when
considering a flat surface, for convenience, the bounds of integration
can be taken to infinity. The integration is done on an infinite flat
surface (a contour in two dimensions) with p located at the origin,
given by

R
Ew=n-{gf_m/_wfzr7(Ar~V)"uw(P)

n=0""

V[ 9 (1 a (1 ds 15
8n(r) 8n<R.\.)] (1)
where £, denotes the net local correction. Any effects from the
far field will cancel, leaving only the local difference between the
smoothed and conventional distributions. Therefore, in practice,
only the first few terms in the series need to be retained. Special
consideration is made for edges, because of the additional length
scale that measures from the tip of the edge to p. A point P is de-
termined to be close to the edge if it is a distance of O[r,] from the
edge. In this case, the integration is taken over semi-infinite bounds
along the edge coordinate direction, starting at the edge, where p is
located a distance / inboard of the edge:
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The contribution of the distribution of conventional doublets in
Egs. (15) and (16), the first term in the square brackets, is called the
high-resolution local solution. It contains the details of the local flow
structure, including the local gradients. Looking specifically at this
part of the integral, it can easily be shown that the high-resolution
local solution consists of exact solutions to Laplace’s equation on an
infinite or semi-infinite domain. This is because it consists of integral
distributions of free-space Green’s functions with varying strength
distributions given by the terms in the series, which explicitly satisfy
the boundary conditions. As such, by considering the terms in the
Taylor series of the doublet strength distribution in Egs. (15) and
(16), the flowfield about a control point can be deduced in terms of
simple exact solutions to Laplace’s equation on an infinite domain,
shownin Fig. 3. Note that the antisymmetric stagnation-point flow in
Fig. 3 corresponds to a linear vortex distribution on a doubly infinite
straight contour. This flow requires careful evaluation because of
the existence of an eigensolution at infinity. The eigensolution is
canceled exactly by the existence of an eigensolution in the matching
solution of opposite sign.

Therefore, using the Taylor series as a guide, solutions to
Laplace’s equation can be found that match the power of each term
in the series and represent the integrated singular Green’s function
distributions given in Egs. (15) and (16). As noted earlier, the se-
ries can be truncated at any desired accuracy; however, depending
on Spmeq, care must be taken to ensure that the resulting integrals are
uniformly convergent. In the present implementation, the series was
truncated after the quadratic terms.

The contribution of the distribution of smoothed doublets in Egs.
(15) and (16), the second term in the square brackets, is called
the matching solution. It cancels the global solution locally, and
the local high-resolution solution globally, thereby asymptotically
matching the global solution to the local high-resolution solution.
The matching solution is precisely a smoothed version of the high-
resolution Jocal solution.

The smoothing, as shown in Fig. (2), can be done by any suitable
means; however, a technique called the split-sheet analogy is effec-
tive. This approach is based on the observation that the smoothing
process is similar to viewing a singular solution at an offset location.
In particular, consider the smoothed doublet velocity field of Eq. (6)
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when viewed in the z = 0 plane, which is the surface on which the
downwash is evaluated. This expression can be shown to be the
same as that for a discrete source and sink displaced a distance r,
above and below the z =0 plane, respectively, provided the doublet
strength and source strength are related as y =2r.o. It follows that
a sheet of smoothed doublets on z = 0 can be replaced by corre-
sponding sheets of discrete sources and sinks, offset above and below
z = 0 by distance r,. For the calculation of downwash, smoothing
a doublet sheet is equivalent to splitting the doublet sheet into its
constituent source and sink sheets displaced an appropriate amount.
This approach leads to a simple way to construct smoothed local
solutions using separation of variables. Because the local solutions
can be interpreted basic flows obtained by separation of variables,
as shown in Fig. (3), the smoothed local solutions used for matching
also can be obtained in a similar manner. However, these flows must
be associated with source/sink surfaces, rather than doublet surfaces.
Furthermore, the downwash associated with these surfaces must be
evaluated at positions offset above and below the surfaces a distance
r.. This approach, which has been verified by other means (direct
integration of the kernel function), is particularly straightforward
and insightful.

The net local correction is the difference between the high-reso-
lution local solution and the matching solution, the terms in the
square brackets of Eqs. (15) and (16). For a flat surface with coor-
dinates (x, y), the net local correction L,,, at the point (x|, y;), in
terms of upwash, is given by
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where the truncated Taylor series has been substituted into Eq. (15)
and F is taken as unity. Only the even terms in x or y contribute to
the integral.

It is documented in the literature that, for two-dimensional
subsonic flow about edges, there is a %-power singularity in the
tangential velocity component just inboard of an edge. Therefore,
at an edge in two dimensions, or sufficiently close to an edge in
three dimensions, the doublet strength distribution can be expected
to be expanded in powers of 1:
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where ¢, and ¢; are arbitrary constants.

In three dimensions, Eq. (18) can be thought of as the leading
order term in an asymptotic expansion, because, very close to an
edge, the two-dimensional terms dominate the three-dimensional
terms in the solution. This can be demonstrated with as simple per-
turbation expansion about the edge. Trouble could possibly arise at
the wingtip corners, where two edges are present. Here, however,
the flowfield can be modeled with conical flow solutions.?-?” Nu-
merical experimentation has shown that the conical flow solutions
are not required for sufficient accuracy. If, however, higher accuracy
is needed, higher-order wingtip corner solutions can be constructed
from conical flow solutions.

Therefore, the weighting function F in Eq. (9) should be /(Ar)
for the edge panels (unity elsewhere). As mentioned earlier, this is
because the doublet strength distribution becomes nonanalytical at
the edge. At any point / on the surface near the edge, ¢q and ¢, can

be determined in terms of the derivative of Eq. (18), ignoring terms
of O(x%?), such that
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The series expansion of the doublet distribution for an edge, Eq.
(18), now can be written in terms of the doublet strength density
and its derivative as
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where x can be any coordinate direction inboard of an edge. After
substitution of Eq. (20) into Eq. (16), and evaluation [similar to
Eq. (17)], the corresponding correction in terms of upwash for edge
panels is

i) = = (e/2r) (R, cos(®/2)

+ (@1/2r)(R,)} cos(36/2)] @
where x is the coordinate inboard of the edge, R,, = /(x* +r2),
and 8 = arctan(r./x).

Numerical Results

Most modern panel methods solve the Prandtl-Glauert equation
for steady subsonic flow.! With this consideration, test calculations
were done to better understand and validate the novel methodology.
Well-understood aerodynamic problems with generally accepted
numerical results were examined. The following section presents
the results for the ANM analysis of steady incompressible flow over
alifting flat-plate airfoil in two dimensions, and a lifting rectangular
thin wing of finite span in three dimensions. The analysis is easily
extendable to include steady compressible flow by implementing a
Prandtl-Glauert'? or Géthert!? transformation, on the global, local,
and matching solutions.

Figures 4 and S show the results for doublet strength density and
coefficient of pressure along a flat-plate airfoil at 5-deg angle of
incidence. The pressure coefficient calculation is done using the
linearized form of the Bernoulli equation. The calculation used 20
discrete smoothed doublets along the chord because integrated pan-
els are not necessary; the spacing between doublets was 5% of the
total chord, and the smoothing length scale r. was 1.3 times the
panel length I, or 0.065 times the total chord length ¢. Unlike tradi-
tional panel methods, control points where the boundary conditions
are satisfied and influence points where the discrete smoothed dou-
blets are located were placed on top of each other. The wake also
is modeled with smoothed discrete doublets that continue off of the
lifting surface with the strength of the last doublet along the chord
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Fig. 4 Doublet strength density vs chordwise position for a flat-plate
airfoil. Control points and influence points are superimposed at locations
indicated by the data symbols.
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Fig.5 Coefficient of pressure vs chordwise position for a flat-plate air-
foil. Control points and influence points are superimposed.
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Fig.6 Solution overlap region for an ANM net lift calculation (ageom =
5/deg, 20 doublets, 7, = 0.065¢), c,— 1 i,—].

(at each spanwise location in three dimensions). The agreement
between ANM and linear small disturbance theory is very good.
The circulation distribution is calculated from the doublet strength
distribution. The values of doublet strength density and circulation
along the leading-edge panel can be solved for directly, using the
multiplicative constants ¢y and c;.

The smoothing length scale r, controls the amount of smoothing
used. It is desirable to make the global solution as smooth as pos-
sible, by removing any large spatial gradients, thereby improving
numerical convergence and ultimately reducing any dependencies
on control-point/influence-point location. If too much smoothing is
used, however, the global and local solutions do not match prop-
erly, and the solution will degrade. Furthermore, if the smoothing
radius is too small, the global solution will no longer be smooth, and
will not properly match the local solution. Then, the solution will
degrade because of the discreteness errors typical of a lower-order
panel method, and the influence of large spatial gradients.

There is a range of smoothing that provides the best global-local
solution match, such that there is a mathematical overlap between
the global and local solutions. The smoothing length scale should be
on the order of the spacing between smoothed doublets in the global
solution. Typically, values of 1.2-1.8 times the doublet spacing work
well. Figure 6 shows the solution overlap for the preceding calcula-
tion, shown in Figs. 4 and 5. In Fig. 6 the net ANM lift is normalized
by the net lift calculated by linear theory, and plotted as a function
of the smoothing length scale r. normalized by the distance between
smoothed doublets in the global solution /. The control points are
collocated with the influence points in the calculation.

Figure 7 shows the chordwise circulation distribution for a flat
plate at 5-deg angle of incidence. The smoothing length scale used
in the calculation is 1.3 times the smoothed doublet spacing (0.065
of the total chord length), 20 smoothed doublets were used in the
calculation, and the control-point locations were variable (indicated
in the legend as a fraction of the doublet spacing, influence-point lo-
cation first). Note that the solution is almost independent of control-
point/influence-point placement. In fact, for one case, the control
points are actually in front of the influence points.

The calculations shown in Fig. 7 would be difficult, if not impossi-
ble, with traditional zero-thickness lifting-surface methods. !8-28-3!
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Fig. 7 Coefficient of pressure calculated for various control-point lo-
cations, with a fixed influence-point location.
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Fig. 8 Comparison between ANM and vortex lattice calculations; in-
fluence points are at the center of each panel, and control points are at
the quarter position of each panel.

This is because of the hypersingular kernel function found in the
integral equation used by these methods. The problem arises from
the necessity of taking the normal derivative of the velocity potential
induced by a distribution of doublets. To illustrate this point, Fig. 8
shows a comparison between an ANM calculation of the pressure
coefficient along the chord of a flat-plate airfoil at a nominal angle of
attack, and a comparable vortex lattice calculation. The calculation
was done using 20 smoothed doublets, and 20 vortex panels. The
influence points are not at the % chord of each panel, but rather at the
center, and the control points are at the % chord of each panel, rather
than the % chord. The vortex lattice result uniformly converges to
the incorrect result. Note, however, if the influence points are at the
4i chord of each panel, and the control points are at the % chord of
each panel, the vortex lattice method and ANM both converge to
the correct result.

If we consider the situation when control points and influence
points are at the same location, catastrophic errors occur in the vor-
tex lattice influence-coefficient matrix because of numerical diver-
gence, resulting in nonconvergent solutions. This is rather unfortu-
nate, because placing influence points and control points at the same
location only requires one geometric point per computational panel,
and therefore simplifies the computation needed. In the future, when
the method is extended to include more complex geometries, this
will offer a large level of simplification.

To illustrate the convergence characteristics of ANM, Fig. 9
shows calculations for a flat-plate airfoil at 5-deg incidence angle
with various numbers of smoothed doublets used in the calcula-
tion. In the calculation, the smoothing length scale was 1.3 times
the spacing between smoothed doublets. The calculation is nearly
converged with only five panels.

Figure 10 shows the spanwise component of the surface vortex
distribution at the midspan of an aspect-ratio-5 wing, at 5-deg inci-
dence. The calculation was done with a 10 x 50 grid of smoothed
doublets (50 along the span, 10 along the chord). The smoothing
length scale was 1.5 times the spacing between smoothed doublets
along the chord, and the control points were collocated with in-
fluence points at the smoothed doublet positions. ANM accurately
captures the leading-edge singularity and the dropoff of the chord-
wise component of the vortex distribution at the trailing edge. The
calculation compares well to the vortex lattice calculation. Note,
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Fig. 9 Coefficient of pressure for various numbers of doublets.
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Fig.10 Circulation distribution along the midspan of an aspect-ratio-5
wing (atgeom = 5 deg, 10 X 50 grid, r. = 0.15 chord).

however, that unlike the vortex lattice calculation, the ANM solu-
tion can be calculated at any point along the chord near the leading
edge, not just at the specified influence points. Therefore, there are
no problems with numerical resolution at the leading edge. In com-
pressible unsteady flow, this can become very important for acoustic
radiation calculations.?-2¢

Concluding Remarks

A boundary element method based on smoothed fundamental so-
lutions to Laplace’s equation has been developed and applied suc-
cessfully to linear aerodynamics problems. The formulation is based
on a technique called ANM, which offers a fresh point of view on
classic lifting-surface theory, by solving the problem with a funda-
mentally different mean. The ANM approach breaks the problem
up into global and local constituent problems that are defined by the
physical length scales of the problem and an additional smoothing
length scale.

ANM offers a unified aerodynamic methodology without the tra-
ditional problems associated with the numerical solution of singular
integral equations. The ANM boundary element formulation leads
to accurate solutions, rapid numerical convergence, and is free from
the ambiguity present in many traditional zero-thickness lifting-
surface methods. Additionally, ANM does not have rigid rules on
influence-point/control-point location, and therefore is suitable for
hybrid fluid—structure calculations requiring a matching computa-
tional grid.

The methodology, free from stringent rules on control-point/
influence-point location, is therefore less restrictive. ANM offers
clear advantages for analysis of complex geometric configurations,
and for calculations that involve interfacing with some other sort of
numerical computation, such as a structural analysis code.

In practice, ANM is a simple methodology that offers high-resol-
ution aerodynamic calculations in the framework of a unified aero-
dynamic theory. In the future, one can envision the method being ap-
plied to a multitude of aerodynamic problems, including the design
and analysis of advanced aerodynamic configurations. The method-
ology, free from stringent rules on control-point/influence-point lo-
cation, is therefore less restrictive than many present methods.
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